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1. Introduction

The pion plays a central role in many problems of strong interaction physics. It is the lightest
hadronic bound state, with two (up and down) valence quarks and spin zero, and there is one neutral
(π0) and two charged pions (π±). Pions are produced in hadronic collisions at high-energies, for
example, in the Earth’s atmosphere due to cosmic rays, but pions decay also very quickly, either
electromagnetically or weakly (e.g., π0→ 2γ or π−→ µ−+ ν̄µ ).

The inner structure of pions has been studied experimentally to some extent. Among the
experimentally measured quantities is the electromagnetic form factor Fπ (see, e.g., [1])

〈π(~p′)|Jµ
em(~p

′−~p)|π(~p)〉= (p′+ p)µFπ(t) with t ≡ ∆
2 = (p′− p)2 (1.1)

where p and p′ are the incoming and outgoing momenta and t is the momentum transfer. Fπ

describes the charge distribution of a pion, that is the deviation of a pion from being a point-like
charge interacting with the electromagnetic field.

Another quantity is the pion parton distribution function (PDF) fπ(x). It describes the distri-
bution of the momenta of the quarks and gluons (partons) inside the pion. For each parton it is a
function of the longitudinal momentum fraction x carried by the parton. Experimentally, PDFs can
be accessed, for example, for larger x via a Drell-Yan process π±N→ µ+µ−X (see, e.g., [2]) or a
prompt photon production process, π+p→ γX [3].

In modern language hadron structure is expressed in terms of generalized parton distributions
(GPDs). These contain the electromagnetic form factor and parton distribution functions as limiting
cases, but more importantly provide also information on the partonic content as a function of both
the longitudinal momentum fractions and the total momentum transfer. At leading twist there is
one vector GPD and one tensor GPD for the pion, Hπ(x,ξ , t) and Eπ

T (x,ξ , t).
Lattice QCD allows us to determine the space-like pion electromagnetic form factor from first

principles (see, e.g., [4] for a recent review). In contrast, pion PDFs or GPDs are not accessible
directly. Their Mellin moments are, however. For example, 〈x〉π =

∫ 1
−1 dxx fπ(x) or∫ 1

−1
dx Hπ(x,ξ , t) = Aπ

1,0(t) and
∫ 1

−1
dx xHπ(x,ξ , t) = Aπ

20(t)+(−2ξ )2Cπ
20(t) , (1.2)

where the coefficients A and C (also known as the generalized form factors of the pion) are real
functions of the momentum transfer t and the renormalization scale µ . These can be estimated on
the lattice from expectation values of local operators, because, for the above examples,

〈π(~p′)|Ôµ

V (0)|π(~p)〉= 2P̄µAπ
1,0(t) (1.3)

〈π(~p′)|Ôµµ1
V (0)|π(~p)〉= 2P̄µ P̄µ1Aπ

2,0(t)+2∆
µ

∆
µ1Cπ

2,0(t) (1.4)

with Oµ1...µn
q = q̄γ{µ i

←→
D µ1 · · · i←→D µn}q− trace being the traceless part of a quark bilinear, P̄µ =

(p′µ + pµ)/2, and q and q̄ denoting the quark fields. It is clear that in this framework Fπ(t)=Aπ
1,0(t)

and 〈x〉π = Aπ
2,0(t = 0).

2. Lattice calculations

In this contribution we provide new data for 〈x〉π , Fπ , Aπ
2,0 and Cπ

2,0. In our calculations, we use
the non-perturbatively improved Sheikholeslami-Wilson fermion action with two mass-degenerate
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β κ Volume #cfg×M a [fm] mπ [MeV] mπL tsink/a

5.29 0.13620 243×48 1170×2 0.07 430 3.7 24
0.13620 323×64 2000×2 422 4.8 32
0.13632 323×64 967×1 294 3.4 32
0.13632 403×64 2028×2 289 4.2 32
0.13640 483×64 722×2 157 2.7 32
0.13640 643×64 1238×3 150 3.5 32

5.40 0.13640 323×64 1124×2 0.06 491 4.8 32
0.13660 483×64 2178×2 260 3.8 32

Table 1: Parameters for our lattice calculations. M is the number of sources per configuration; the sink-
source separation is tsink = Lt/2. The pion masses quoted were obtained on the respective finite volumes.

flavors of sea quarks and the Wilson plaquette action. For the lattice couplings we use β = 5.29
and 5.40, which correspond to lattice spacings of about 0.07fm and 0.06fm, respectively. For each
β we use different values for κ to cover a range of pion mass values (see Table 1). The lowest pion
mass we reach is about 150MeV and the largest 490MeV. For each set of parameters, we have
analyzed about 700–2000 gauge configurations and on each configuration, data was taken for one,
two or three sources, depending on the parameters (see Table 1). The first source (per configuration)
is chosen at a random spacetime position. The remaining ones are placed with maximal distance
between them. To convert our data to physical units we assume a Sommer scale of r0 = 0.5fm [5]
and use non-perturbative renormalization constants for the conversion to the MS scheme [6].

To extract the matrix elements for the various local operators, we use appropriate ratios of
three- and two-point functions (see, e.g., [7])

R(tsink,τ, p′, p) =
CO

3pt(τ,~p
′,~p)

C2pt(tsink,~p′)

√
C2pt(tsink− τ,~p)C2pt(τ,~p′)C2pt(tsink,~p′)
C2pt(tsink− τ,~p′)C2pt(τ,~p)C2pt(tsink,~p)

. (2.1)

For large τ� tsink these ratios saturate to a constant which we determine by a fit over several τ (see,
e.g., Figure 1). Here C2pt(t,~p) denotes the pion two-point function with a pion creation operator
at the Euclidean time t1 and an annihilation operator at t2 = t1 + t. CO

3pt(τ,~p
′,~p) refers to a pion

three-point function with a current insertion (operator O) at t1+τ < t2. Since for the particular case
of a pion we can set tsink = Lt/2, we can average over forward and backward propagating pions,
which reduces the statistical noise. Also O can be placed far away from sink and source which
suppresses contributions from excited states by factors of e−∆Eτ and e−∆E(τ−tsink).

For the calculation of the two and three-point functions we use the Chroma software pack-
age [8]. The three-point functions are obtained via the sequential-source technique, with an im-
proved sink- and source-smearing to reduce excited-state contaminations (see [9] for details). Al-
though additional calculations are currently being performed for the disconnected diagrams, here
we only report on the connected contributions.

3. Results

The effectiveness of our sink-source smearing is demonstrated in Figure 1. There we show
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Figure 1: Ratios at sink-source separation Lt/2 for the operator O(~p=0)
v2,b for different pion masses and lattice

spacings.
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Figure 2: First moment of the pion PDF in the MS scheme, 〈x〉u−d without disconnected contributions.
Solid symbols are for mπ L > 4, open symbols for mπ L > 3 and the star for mπ L < 3. Gray plus symbols are
from [10]. The vertical solid line marks the position of the physical pion mass.

ratios for the operator1 Ov2,b with vanishing ~p = ~p′, which one needs for instance for 〈x〉π . Data are
shown for different lattice spacings and pion masses, and although the latter vary quite a bit, we
find for all these sets long plateaus which can safely be fitted to constants.

Note that the symbol colors in Figure 1 are chosen according to the pion mass: Red symbols
are used for data for the lightest pion mass (mπ ≈ 150MeV), blue symbols for the second lightest
mass (mπ ≈ 260−290MeV) and green symbols for pion masses above 400 MeV. The same color
scheme also applies to the other figures.

1For the operator labeling we follow the notation of [11].
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Figure 3: Pion electromagnetic form factor for 150MeV≤ mπ ≤ 495MeV. Splines are to guide the eyes.

From the ratios for Ov2,b we can estimate the connected contributions to 〈x〉π . In Figure 2 we
show our current (preliminary) data for the available pion mass range. To underpin the effect of
our improved sink-source smearing we also show there results from [10]. Those results were partly
obtained on the same gauge ensembles but for a different type of smearing. A comparison shows,
there is a systematic deviation between those old and our new data. Our results lie systematically
below those of [10] and this deviation increases with decreasing mπ . This suggests that with our
improved sink-source smearing technique we have a much better control over excited-state contri-
butions [9].

Besides 〈x〉π we are also interested in the form factors. In Figure 3 we show our current
estimates for the electromagnetic form factor Fπ(t) versus −t = (p− p′)2. Data points are shown
for three different pion masses and these clearly demonstrate the mπ dependence of Fπ(t). Our data
at small |t| also show the flattening of points for t → 0, which was seen in [12]. In comparison
to 〈x〉π our data for Fπ(t) is however quite noisy. A reason could be setting tsink = Lt/2. This is
certainly the best choice for 〈x〉π , but for finite momentum transfer a smaller tsink would perhaps
have been the better choice. This certainly deserves further study.

In Figure 4 we also show first data for some generalized pion form factors. These currently
come with even larger statistical uncertainties than we see for the electromagnetic form factor. A
pion mass dependence for Aπ

20 is seen nonetheless. In the limit t→ 0 this dependence is of course
the same as we saw in Figure 2, but it seems to persist also for larger |t|.

4. Conclusions

We have presented an update on our effort towards a precise understanding of the structure of
pions based on lattice QCD calculations. These are performed for two dynamical Clover-Wilson
fermion flavors for pion masses ranging from 490MeV down to 150MeV. Here we have reported on
our new data for the connected contribution to the lowest moment of quark distribution functions
〈x〉π and also shown some (preliminary) results for the generalized form factors, namely for Fπ ,
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Figure 4: Preliminary results for the generalized form factors A20 and C20 versus momentum transfer −t.
Symbols and colors have the same meaning in both panels.

A20 and C20. We find that values for 〈x〉π obtained with our improved smearing lie well below the
corresponding older data [13] (without this smearing). In contrast to these, we also see a non-linear
m2

π -dependence for 〈x〉π . This raises the question up to what pion masses leading order chiral
perturbation theory (as given, e.g., in [14]) is applicable.

Also for Fπ and A20 we are able to reveal a clear pion mass dependence (see Figs. 3 and 4).
Unfortunately, our resolution at small |t| is not as optimal as it is with twisted boundary conditions
(as performed, e.g., in [12]). Nevertheless, we see a similar flattening of points for Fπ for small |t|.
To reduce the statistical noise, we plan to reconsider our choice of tsink = Lt/2. This results in clear
plateaus for ratios R at zero momentum transfer but for finite momentum transfer, as needed for the
form factors, the noise increases with |t|.

More details and additional data will be presented in a forthcoming article.
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